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Principal component analysis

Introduction

Supervised learning: prediction of y from zq,...,x,

Multiple regression (interval response): y = f(x1,...,2p) + ¢

exp{f(x1,...,2p)}
1+ exp{f(z1,...,2p)}

Binary logistic regression: m =

If p is large compared to N, then the problem of overfitting might arise

Solutions to overfitting

» More data

> Regularization (Ridge regression and Lasso)

» Principal components regression
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Principal component analysis

Introduction
The N X p data matrix

T11
Z21

TN1

Example 1: 9 x 2 data matrix

T12
Z22

TN2

7.73
7.73
1.91
4.82
10.65
10.65
16.48
13.56
16.48

11.86
19.19

4.53
11.86
19.19
26.52
33.85
19.19
33.85

Tip
.’L'Qp

TNp
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Principal component analysis

Introduction

The transpose of the data matrix

X11 T21 ... IN1
XT X112 22 ... XIN2
Tip T2p ... INp

Example 1 (continued)

xT — 7.73 7.73 1.91 4.82 10.65 10.65 16.48 13.56 16.48
~ | 11.86 19.19 4.53 11.86 19.19 26.52 33.85 19.19 33.85
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Principal component analysis

Introduction

The data vector of feature j is

951]‘
xgj
Xj =
INJ'
The data vector of case 7 is
T
T = [Ti Tio Tip ]
So the data matrix equals
_ _ T
X =[x1 x3 Xp) = (21 22 zN |
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Principal component analysis

Introduction

The mean of feature j is

The mean vector is

Example 1 (continued)

=110 20]"
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Principal component analysis

Introduction
The centered data vector of case 7 is
~ _ =~ ~ T _ _ _
€Ty = [a:ﬂ Z‘ip] =T, — T = [Iil_xl e Tip — Tp
The centered data matrix is

X=[.i'1 5)2...$N]T=[)~(1 XQ...XP]

Example 1 (continued)

7.73—-10 11.86 — 20 —2.27 -8.14
7.73—-10 19.19 — 20 —2.27 -0.81

1.91 - 10 4.53 — 20 —8.09 —15.47

5 4.82 —-10 11.86 — 20 —5.18 —8.14
X =] 10.65—-10 19.19-20 | = 0.65 —0.81
10.65 — 10 26.52 — 20 0.65 6.52

16.48 — 10 33.85 — 20 6.48 13.85

13.56 — 10 19.19 — 20 3.56 —0.81

16.48 — 10 33.85 — 20 6.48 13.85
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Principal component analysis

Introduction
The sample covariance between features j and k is
N
Sk =X X /N =3 EijEin/N = (F1;515 + ... + EnjEnk) /N
i=1

where )Eff(k is called the dot product of vectors x; and Xy,

. .. T ~Tz i _ 2
The sample variance of feature j is s;; = X; X;/N = 5]

The sample covariance matrix is the symmetric matrix

st
2
S921 82
S = =87
2
Spl1 Sp2 ... Sp

David J. Hessen (UU) Principal component analysis Academic year 2024-2025 8 /44



Principal component analysis

Introduction

The sample covariance matrix equals

~T~
X1 X1
~T~ ~T~
S = XTX/N = - | XeXu XX
N :
Ty T3 <T%
X, X1 X, X3 X, Xp

1
tr(S) :Zs? :s%—&—sg—l—...—&—si NZX]XJ'
Research question: Can most of the total variance be explained by a smaller than p number of
dimensions?
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Principal component analysis
Principal components
Principal components are weighted sums of the centered features

The principal component scores

3 3 3 7T ~T =T
)\11 )\12 )\lp TyVi T1Va ... X7Vp
A \ \ =T =T ~T
Ao A21 Aoz .. Mgy _xv .| T2vi o @2ve ... @3V
ANT ANz ANp hvy #hve o ihv,

where the columns of V = [vy vy ... v, ] are the vectors of weights

The score of case 7 on principal component j is

T ~ ~ ~
/\ij =X; Vj = U1;T;1 +U2jTi2 + ...+ VgTip
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Principal component analysis

Principal components

How are vq,vs,...,v, (columns of weights) chosen?

Since the mean of the scores on the first principal component is zero, the variance equals

1 o
NZ)‘ZZ Z%Vl
i=1

The elements of v; are chosen such that this variance is maximum, subject to the constraint that

vivi =1
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Principal component analysis

Principal components

Since the mean of the scores on the second principal component is zero, the variance equals

1Y 1Y
N > A= N > (@ va)?
=1 =1

The elements of vy are chosen such that this variance is maximum, subject to the constraints that

vlivy=1and vivy =0
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Principal component analysis

Principal components

Since the mean of the scores on the third principal component is zero, the variance equals

1 1
N Z)\??, - N Z(@TVSF
i=1 =1

The elements of v3 are chosen such that this variance is maximum, subject to the constraints that

ng;; =1,vivy3=0,and vivs =0

And so on up to the pth principal component
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Principal component analysis

Singular value decomposition

The matrix of centered data can be decomposed as

X = UDV”
where
> U=[u; ... u,]isan N x p semi-orthogonal matrix whose columns are called the left singular
vectors
> V =[vy...vp]is an p X p orthogonal matrix whose columns are called the right singular
vectors

> D is a p x p diagonal matrix with diagonal elements d; > dz > ... > d,, > 0 known as the
singular values
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Principal component analysis

Singular value decomposition

U is a semi-orthogonal matrix, that is,

uful ulTu2

T T
u,u; u;up
Uulu = 2 2
T T
u,u; u,up

where I is called the identity matrix

T
uj u,

T
u, u,

TN

V is an orthogonal matrix, that is, VIV =1=VVT
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Principal component analysis

Singular value decomposition

D is a diagonal matrix, that is,
d 0 ... 0

where dy > dy > ... > d, >0
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Principal component analysis

Singular value decomposition

Example 1 (continued)

[ —2.27
=22
—8.09
—5.18
0.65
0.65
6.48
3.56
6.48

»
Il

—8.14
—0.81
—15.47
—8.14
—0.81
6.52
13.85
—0.81
13.85

—0.05
—0.56
—-0.31

0.20
0.49

0.49

-——

U

[ —0.27 —

0.29 T

0.34
0.13
0.24

—-0.01 —-0.19

0.44
0.02

0.03 —0.71

0.02

31.22 0.00 0.43 0.90
0.00 5.03 —0.90 0.43
D vT
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Principal component analysis

Singular value decomposition

The N x p matrix of principal component scores can be calculated through

=XV =UD

>>

The score of case ¢ on principal component j is

N ~ ~ _ T

)\ij = V1jTi1 T V2iTi2 + . UpiTip = VT = uijdj
The variance of the jth principal component is

1 1 XN 2N 42 d?
- A2 — — g _4 u. 4 w = 2
Nizzl)\” N;(uljd N g ij N J N
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Principal component analysis

Principal components

Example 1 (continued)

[—2.27 —8.147 —8.33 —1.457
—2.27 —0.81 ~1.71 170
—8.09 —15.47 —17.45 0.67
—5.18 —8.14 —9.58 1.19

A= 065 —081 [g'gg _g'ig}: —0.46 —0.93
0.65  6.52 : : 6.16 2.21

6.48 13.85 15.28  0.09

3.56 —0.81 0.79 —3.57

| 6.48 13.85 | | 1528 0.09 |

XV
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Principal component analysis

Principal components

Example 1 (continued)

[—0.27 —0.29 ]
—0.05 0.34
—0.56 0.13
—0.31 0.24
—0.01 —0.19
0.20 0.4
0.49 0.02
0.03 —0.71
0.49 0.02 ]

>
Il

|

31.22 0.00
0.00 5.03

|

UD

—8.33 —1.457
-1.71 1.70
—17.45 0.67
-9.58 1.19
—0.46 —0.93
6.16 2.21
15.28 0.09
0.79 —3.57

15.28  0.09 |
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Principal component analysis

Principal components

Example 1 (continued)

Two centered features

4 Ti1 Ti2
1 —2.27 —8.14
2 —2.27 —0.81
3| —809 —1547
4 —5.18 —8.14
case 5 0.65 —0.81
6 0.65 6.52
7 6.48 13.85
8 3.56 —0.81
9 6.48 13.85

In the case of 2 features, 2 principal components are constructed
Ait = viE;

R o
Aiz = V3 T;
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Principal component analysis

mple 1 (continued)

16

12

-6 -12 -8 -4 4 8 12

-16 -

1
16

C1
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Principal component analysis

Example 1 (continued)

c2 p1
16

12

| vy = (0.429,0.903)

-16 -
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Principal component analysis

Example 1 (continued)

c2 p1
16

12

p2

r T T T o7 oo T T 1 C1

vy = (0.429,0.903)
v = (—0.903, 0.429)

-12 -

-16 -
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Principal component analysis

ample 1 (continued)
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Principal component analysis

mple 1 (continued)

16

T T T T 19 T T T
-18 -15 -12 —9. £ =B 38 6 9 12 15

1 P1
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Principal component analysis

Principal components

Example 1 (continued)

The two principal components are

N1 = 0.429F:1 + 0.903F;2
Niz = —0.903%:1 + 0.4297 2
0 41 Ti2 Nan e
2927 -814| -833 —145
2927  —081| —-171  1.70

—8.09 —15.47 | —17.45 0.67
—5.18 —8.14 —9.58 1.19
0.65 —0.81 —-0.46 —0.93
0.65 6.52 6.16 2.21
6.48 13.85 15.28 0.09
3.56 —0.81 0.79 —=3.57
6.48 13.85 15.28 0.09

case

© 00 O Ot W
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Principal component analysis

Eigen-decomposition

It follows that the sample covariance matrix equals
S = X"X/N = (UDV") UDV”/N = VD2V7/N = VAV”
where
» the columns of V = [v; ... v, ] are now called the eigenvectors of covariance matrix S

> A =D?/N is a p x p diagonal matrix with diagonal elements
S=di/N > 6=d3/N > ... > §,=d’/N > 0

known as the eigenvalues of covariance matrix S (the variances of the principal components)
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Principal component analysis

Eigen-decomposition

Example 1 (continued)

r—227 —814771—2.27 —8.147
—2.27 —0.81 —227 —0.81
—8.09 —15.47 | | —8.09 —15.47
1| —518 —814| | —5.18 —8.14 9999 40.87
s=g| 065 -os1 0.65 —0.81 =[40_87 88.89]
0.65  6.52 0.65  6.52
6.48 13.85 6.48 13.85
3.56 —0.81 3.56 —0.81
| 648 13.85] L 6.48 13.85
S_ {22.22 40.87] _ [0.43 —0.90 ] { 108.30 0.00 H 0.43 0.90]
40.87 88.89 0.90 0.43 0.00 2.81 || —0.90 0.43
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Principal component analysis

Total variance explained

Can most of the total variance be explained by a smaller than p number of principal components?

zp:s?:tr(S):tr(VAVT) tr(AVTV) = tr(A) =Y §;

Jj=1 Jj=1

The percentage of total variance explained by the jth principal component is
{0;/tr(A)} x 100%
The cumulative percentage of total variance explained by the first ¢ principal components is

{(61 4 ...+ ) /tr(A)} x 100%
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Principal component analysis

Total variance explained

Example 1 (continued)

7 Ti1 Ti2 it Aiz
1| —2.27 —8.14 —8.33 —1.45
2 | —2.27 —0.81 —1.71 1.70
3| —8.09 —15.47 | —17.45 0.67
4 | —5.18 —8.14 —9.58 1.19
case 5 0.65 —0.81 —0.46 —0.93
6 0.65 6.52 6.16 2.21
7 6.48 13.85 15.28 0.09
8 3.56 —0.81 0.79 —3.57
9 6.48 13.85 15.28 0.09

Eigenvalues §; = 108.30 and 62 = 2.81
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Principal component analysis

Total variance explained

The number of principal components to be extracted is equal to the number of principal
components with a cumulative percentage of total variance explained at least as high as a
prespecified percentage

Example 1 (continued)

Suppose it is desired to explain at least 80% of the total variance

The percentage of total variance explained by the first principal component is

108.30

_ U0 100% ~
108307 281 < 100% ~ 97%

According to this criterion, one principal component should be extracted
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Principal component analysis

Standardization

Let S = diag{s1,s2,...,8p}

The inverse of S is S~ = diag{ L1 ,é} because SS~! =1

81752"

The standardized data matrix is ~
Z=XS"1

The covariance matrix of the standardized features is the correlation matrix

R=2"Z/N = (XS H)TXS7 /N = S} (XTX/N)S~! = 571851
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Principal component analysis

Standardization

Example 1 (continued)

The standardized data matrix

[ —2.27 —8.14 7 [ —0.48 —0.86 7
—2.27 —-0.81 —0.48 —0.09
—8.09 —15.47 —1.72 —1.64
—-5.18 —8.14 -1 —1.10 —0.86
Z = 0.65 —0.81 [ 38(1) (9)23 ] = 0.14 —0.09
0.65 6.52 . ’ 0.14 0.69
6.48 13.85 1.37  1.47
3.56 —0.81 0.76 —0.09
L 6.48 13.85 ] L 1.37 1.47 ]

The correlation matrix
R—277/9 [ 1.00 0.92 ]

0.92 1.00
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Principal component analysis

Singular value decomposition of Z

Example 1 (continued)

r —0.48 —0.86 7 r—0.23  0.32 7
—0.48 —0.09 —0.10 —0.33
—1.72 —1.64 —0.57 —0.06
—lalll) Ot —0t O 4.16 0.00 1[ 0.71 0.71
Z = 0.14 —0.09 | = 0.01 0.19 [ 00D G155 ] [ 0 @ }
0.14 0.69 0.14 —0.46 : : : :
1.37  1.47 0.48 —0.08
0.76 —0.09 0.11  0.70
| 1.37 1.47 | L 0.48 —0.08 |
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Principal component analysis

Singular value decomposition of Z

Example 1 (continued)

Principal component scores

r —0.48 —0.86 7 [ —0.23 0.32 ] [ —0.95 0.27 ]

—0.48 —0.09 —0.10 —0.33 —0.40 —0.28

—1.72 —1.64 —0.57 —0.06 —2.37 —0.05

—1.10 —0.86 —0.33 —0.20 —1.39 —0.17

A=| 014 —0.09 [8;} _8';} } =| o0.01 019 [é'ég g'gg} =| 004 016

0.14 0.69 ’ ’ 0.14 —0.46 ’ ’ 0.59 —0.39

1.37  1.47 0.48 —0.08 2.01 —0.07

0.76 —0.09 0.11 0.70 0.47 0.60
L 137 1.47 ] L 0.48 —0.08 ] L 2.01 —0.07 |
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Principal component analysis

Eigen-decomposition of R

Example 1 (continued)

R— 1.000.92 | [ 0.71 0.71 1.92 0.00 0.71 0.71
~10921.00 | | 0.71 —0.71 0.00 0.08 0.71 —0.71

Total variance: tr(R) =p

The percentage of total variance explained by the first principal component is

1.92

— x 100% =~ 96%
1.92 + 0.08
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Principal component analysis

Scree test

Example 2
6 standardized features and n = 1000

The first three are measurements of spacial ability
The last three are measurements of verbal ability

Correlation matrix

1.00

0.75 1.00

0.81 0.78 1.00

0.18 0.25 0.25 1.00

0.08 0.15 0.15 0.90 1.00
0.14 0.21 0.20 0.87 0.84 1.00
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Principal component analysis

Scree test

Example 2 (continued)

Component | Eigenvalue | PVE | CPVE
1 3.195 53.256 | 53.256
2 2.118 35.296 | 88.552
3 .248 4.130| 92.682
4 .186 3.107| 95.789
5 .163 2.715| 98.504
6 .090 1.496 | 100.000

In a so-called scree plot, the eigenvalues of the principal components are plotted against the rank

numbers of the principal components
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Principal component analysis

Scree test

Example 2 (continued)

Scree Plot

Eigenvalue

T T T T T T
1 2 3 4 5 6
Component Number

The number of principal components to be extracted is equal to the number of eigenvalues greater
than the elbow in the scree plot
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Principal component analysis

Interpretation

The component matrix might help in interpreting the extracted principal components — which
features play a role?

The elements of the component matrix are

» the correlations between the standardized features and the extracted principal components

» the standardized regression coefficients from the regression of the standardized features on the
extracted principal components

Component
1 . q
T11 e T1q
. 2| r .o
Standardized feature 2 2
Pl rpr ... Tpg
David J. Hessen (UU)
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Principal component analysis

Interpretation

Example 2 (continued)

Component
1 2
Feature 1 | .630 678
Feature 2 | .682 .609
Feature 3 | .688 .633
Feature 4 | .825 | -.504
Feature 5 | .755 | -.593
Feature 6 | .781 | -.531
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Principal component analysis

Principal component regression

Prediction of y from the first m < p principal components of Z1,...,%,

g1, .. Am) +e€

Multiple regression (interval response): y

exp{g(A1, .-, Am)}

Binary logistic regression: 7 = -
1+exp{g(A1,...,Am)}

By estimating only m + 1 coefficients, overfitting can be mitigated

Assumption: 5\1, ..., Ay are sufficient to predict y

The number of principal components m can be determined by cross-validation
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Principal component analysis

Principal component regression

g(>\1,...,)\m) :a0+a13\1+...+am)\m:ao+ Zaj)\j = Qo + Zaj(vljfﬁl—i—...—&—vkjﬁcp)

I
Q
[e=]
+
<
IiNgE
Q
Sl
<
ey
~_
H&x
_|_
_|_
VR
NSE
Q
~
S
3
~_—
)
=
|
=
2
&
N

f(i'h - ,i,,) = 60 =+ Bljl + ...+ ﬁpjzn where ﬂo = 0407ﬁ1: Z QjVLjy - Bp: Z QjUpj
j=1 j=1
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